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Abstract 



Lagrangian submanifolds are becoming a very essential tool to generalize and geometrically 
understand results and procedures in the area of mathematical physics. Here we use general 
Lagrangian submanifolds to provide a geometric version of the Hamilton-Jacobi equation. This 
interpretation allows us to study some interesting applications of Hamilton-Jacobi equation in 
holonomic, nonholonomic and time-dependent dynamics from a geometrical point of view. 

1 Introduction 

Hamilton-Jacobi procedure is useful to study the solution of partial differential equations by ana- 
lyzing the solutions of a system of ordinary differential equation and conversely. Roughly speaking, 
the autonomous Hamilton-Jacobi problem for a Hamiltonian system on a configuration manifold Q 
consists of finding a function S: Q — > R, q — > S(q), such that 



where H : T*Q — > R is the Hamiltonian function defined on the cotangent bundle T*Q and E is a 
constant. 

Recently, a new geometric approach to Hamilton-Jacobi theory has been developed [UJ [5] . As a 
result, new developments of Hamilton-Jacobi theory for nonholonomic mechanical systems [9| [l"3l [To] 
and in the discrete setting |21j have been obtained. 

On the other hand, the notion of Lagrangian submanifolds, which are distinguished submanifolds 
of a symplectic manifold [25], has gained a lot of interest due to its applications on dynamics [T5| 
1251 124j . These applications do not only appear on classical dynamics, but also on more algebraic 
structures that generalize the notion of tangent bundle: the so-called Lie algebroids [T7j and Lie 
affgebroids [12] , 

In this paper we show how general Lagrangian submanifolds are used to extend the geometric 
version of classical Hamilton-Jacobi equation along similar lines as in [3 [7]. In [HQS], Lagrangian 
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submanifolds obtained from a 1-closed form allowed to reinterpret the classical Hamilton-Jacobi 
theorem in a more geometric way. Here, we consider a particular kind of Lagrangian submanifolds 
which allows us to describe Hamilton-Jacobi equation for holonomic and nonholonomic dynamics. 
Moreover, we are also able to describe the time-dependent Hamilton-Jacobi equation in this geome- 
tric framework by means of a family of Lagrangian submanifolds of T*Q. The main contribution of 
this paper is the application of only Lagrangian submanifold theory to obtain a geometric version 
of Hamilton-Jacobi equation in the above mentioned particular dynamics. 

The paper is organized as follows. In Section we first review the notion of Lagrangian sub- 
manifolds and its characterizations. Section [3] recalls the classical Hamilton-Jacobi theory for both 
autonomous and non-autonomous cases. Section 0] contains the geometric interpretation of au- 
tonomous Hamilton-Jacobi equation for a general connected Lagrangian submanifold. The defini- 
tion of a family of Lagrangian submanifolds, more general than those being the image of a closed 
1-form, allows us to give a geometric interpretation of Hamilton-Jacobi equation which is useful to 
describe Hamilton-Jacobi equation for holonomic and nonholonomic dynamics in Section [5] For the 
nonholonomic case we need the language of Lagrangian distributions on symplectic vector bundles 
to obtain the Hamilton-Jacobi equation, see Proposition 15.21 Another interesting contribution of 
this paper is the use of a family of Lagrangian submanifolds to give a more generalized version of 
the non-autonomous Hamilton-Jacobi equation in Section [6] As a result, this equation is described 
for holonomic and nonholonomic dynamics in Section 

2 Lagrangian submanifolds 

The essential background on symplectic geometry is reviewed here to make the paper as much self- 
contained as possible. Lagrangian submanifolds [25] are the extension to manifolds of the notion of 
Lagrangian subspaces of symplectic vector spaces. 

Let us recall that a symplectic vector space is a pair (E, Q) where E is a vector space and 
^.ExE 1 — 7-Misa skew-symmetric bilinear map of maximal rank. See [101 [TT| [TBI [25] for more 
details. 

Definition 2.1. Let (E, Q) be a symplectic vector space and F C E a subspace. The Sl-orthogonal 
complement of F is the subspace defined by 

F 1 = {e G E | Sl(e, ef) = for all e' G F}. 

The subspace F is said to be 

(i) isotropic if F C F ± , that is, fJ(e, e') = for all e, e' G F. 

(ii) Lagrangian if F is isotropic and has an isotropic complement, that is, E = F © F' , where F' 
is isotropic. 

A well-known characterization of Lagrangian subspaces of finite dimensional symplectic vector 
spaces is summarized in the following result: 

Proposition 2.2. Let (E,Q) be a finite dimensional symplectic vector space and F C E a subspace. 
Then the following assertions are equivalent: 

(i) F is Lagrangian, 
(ii) F = F ± , 

(in) F is isotropic and dimi 7 = ^dimE. 
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As a consequence, we can characterize a Lagrangian subspace by checking if it has half the 
dimension of E and Q\p = 0. 

Remember that a symplectic manifold (M, oj) is defined by a differentiable manifold M and a 
non-degenerate closed 2-form oj on M. Therefore, for each x G M, (T x M,oj x ) is a symplectic vector 
space and a symplectic manifold has even dimension. 

A symplectic vector bundle (E, oj, tt) is a vector bundle tt : E — > M over a manifold M equipped 
with a smooth field oj of fiberwise nondegenerate skew-symmetric bilinear maps oj x • x — ^ M. 
Therefore, if (M, is a symplectic manifold, then {TM, oj, tm) is a symplectic vector bundle, where 
tm '■ TM — > M is the canonical tangent projection. The converse is only true if oj is closed. 

The notion of Lagrangian subspace can be transferred to submanifolds by requesting that the 
tangent space of the submanifold is a Lagrangian subspace for every point in the submanifold of a 
symplectic manifold. 

Definition 2.3. Let {M, oj) be a symplectic manifold and i: N — s> M an immersion. It is said 
that N is an isotropic immersed submanifold of (M, oj) if (T x i)(T x A) C T-^M is an isotropic 
subspace for each x G N. A submanifold N C M is called Lagrangian if it is isotropic and there 
is an isotropic subbundle P C TM\N such that TM\N = TN © P. 

Note that i: N — > M is isotropic if and only if i*u; = 0, that is, oj{T x i{v x ), T x i(u x )) = for every 
u x ,v x G T x N and for every x G N. 

Of course, all the previous notions can be easily extended to the case of symplectic vector bundles. 
These extensions will be used in the sequel. 

The canonical model of symplectic manifold is the cotangent bundle T*Q of an arbitrary manifold 
Q. Denote by ttq : T*Q — > Q the canonical projection and define a canonical 1-form 0q on T*Q by 

( e Q) aq (X aq ) = (a g ,T aq 7r Q (X aq )), 

where X aq G T aq T*Q, a q G T*Q and q G Q. If we consider bundle coordinates (q l ,Pi) on T*Q such 
that 7TQ(q l ,Pi) = q\ then 

6 Q = pi&q 1 . 

The 2-form ojq = —d0Q is a symplectic form on T*Q with local expression 

ojq = dq l A dpi. 

The Darboux theorem states that this is the local model for an arbitrary symplectic manifold (M, oj): 
there exist local coordinates (q l ,Pi) in a neighbourhood of each point in M such that oj = dq l A dpi. 

Note that the canonical 1-form 6q is universal in the sense that 7*(^q) = 7 for an arbitrary 
1-form 7 on Q. Hence ^*(ojq) = —d"f. 

A relevant example of Lagrangian submanifold of the cotangent bundle is the following one. 

Proposition 2.4. \18\j Let 7 be a 1-form on Q and L = Im 7 C T*Q. The submanifold C ofT*Q 
is Lagrangian if and only if 7 is closed. 

The result follows because dim£ = dimQ and ^(ojq) = —dj. 

Given a symplectic manifold (P,oj), dimP = 2n, it is well-known that its tangent bundle TP is 
equipped with a symplectic structure denoted by dxoj, where dxoj denotes the tangent lift of oj to TP. 
If we take Darboux coordinates (q l ,Pi) on P, that is, oj = dq l Adpi, then dxoj = dq l Adpi + dq 1 /\dpi, 
where {q l ,Pi',q l ,Pi) are the induced coordinates on TP. We will denote the bundle coordinates on 
T*P by {q % ,Pi] «i, b l ), then ojp = dq l Adai + dpi Adb 1 . If we denote by b : TP — > T*P the isomorphism 
defined by oj, that is, b w (t>) = i v oj, then we have \>u(q l ,Pi, q l ,Pi) = (q l ,Pi', —Pi,Q 1 )- 

Given a function H : P — > R, and its associated Hamiltonian vector field Xh, that is, '^x H ^> = dH, 
then the image of Xh, Im Xh, is a Lagrangian submanifold of {TP, dxoj). 
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In Sections H] and [6] we will show other examples of Lagrangian submanifolds (see also [18]) that 
play a key role to develop the novel applications of Lagrangian submanifolds on Hamilton-Jacobi 
theory described in this paper. 



3 Classical Hamilton-Jacobi theory 

Once we have introduced the necessary background on symplectic geometry, let us review briefly 
Hamiltonian dynamics. If H : T*Q — > R is a Hamiltonian function, the Hamiltonian vector field Xh 
on T*Q is the solution of the equation 

ix H u Q = dH. 

If we take Darboux coordinates (q l ,Pi) on T*Q, Hamilton's equations are locally written as 

dq* dH . . 

dpi dH 

Hamilton-Jacobi theory gives us useful tools to integrate some particular solutions of Hamilton's 
equation, though we will not always find a solution. Let us review here the classical Hamilton-Jacobi 
theory both in the autonomous and non- autonomous cases. 

The following is a geometric version of the classical Hamilton-Jacobi theory [IJ [2] in the au- 
tonomous case. 

Theorem 3.1 (Hamilton-Jacobi equation PQ). Let T*Q be the symplectic manifold with the sym- 
plectic structure ujq = —d0Q. Let Xh be a Hamiltonian vector field on T*Q, and let S: Q — > R be 
a smooth function. The following two conditions are equivalent: 

(i) for every curve c in Q satisfying 

c'(t) = T7T Q (X H (dS( C (t)))) 

the curve t h-> dS(c(t)) is an integral curve of Xh- 

(ii) S satisfies the Hamilton-Jacobi equation H o dS = E, a constant, that is, 

Remark 3.2. The above theorem describes solutions to Hamilton-Jacobi equation by finding par- 
ticular integral curves of the Hamiltonian vector field. Those integral curves are obtained, when 
possible, from integral curves of a vector field on Q defined by X dS = Tttq o Xh ° dS. In other 
words, the following diagram commutes for a function S on Q: 

Xh 

T*Q — 5- TT*Q 



ydS i 

Q - TQ 

The integral curves c of X dS define the integral curves dS o c of the Hamiltonian vector field Xh- 

Moreover, note that the set N = {(q,dS(q)) \ q € Q} of T*Q is a Lagrangian submanifold 
according to Proposition 12.41 since it is defined by a closed 1-form, dS: Q — > T*Q. Thus the notion 
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of Lagrangian submanifolds already appears in the classical version of Hamilton-Jacobi equation. 
Then it makes sense to look for an extension of this result to any Lagrangian submanifold as shown 
in Section S] and consider the applications, for instance, to holonomic and nonholonomic dynamics, 
see Section 

The classical statement of Hamiton-Jacobi equation for non-autonomous case is the following: 

Theorem 3.3 (Time-dependent Hamilton-Jacobi equation [T]). Let T*Q be the symplectic manifold 
with the symplectic structure ojq = —d0Q. Let Xh be a Hamiltonian vector field on T*Q and 
W : M. x Q — > M> be a smooth function. The following two conditions are equivalent: 

(i) for every curve c in Q satisfying 

c'(t) = Tn Q (X H (dW t (c(t)))) 

the curve t \-} dWt(c(t)) is an integral curve of Xh, where Wt- Q — > M, Wt(q) = W(t,q). 

(ii) W satisfies the Hamilton-Jacobi equation 

( dW\ dW 
H q, — — -| — — = constant on T*Q, 
\ oq J at 

dW 

that is, H o dW t + = K(t). 

Remark 3.4. The analogous diagram to the one in Remark 13.21 for the time-dependent case is the 
following one: 

t*q^Ltt*q 

dW t { Vq 



Tttq 

vdWt t 

Q— — -TQ 

which must be understood as in Remark 13.21 for every time t. 

In the non-autonomous case the set Nt = {(q, dWt(q)) \ q € Q} is also a Lagrangian submanifold 
of T*Q for every t. In Section [6] we will discuss the time-dependent Hamilton-Jacobi theorem in an 
intrinsic way for a general family of Lagrangian submanifolds and a suitable family of submanifolds 
in TT*Q so that everything comes together. 



4 A geometric version of Hamilton-Jacobi equation 

According to the philosophy of this paper we use arbitrary Lagrangian submanifolds C of the cotan- 
gent bundle T*Q to extend geometrically Theorem 13. II To be more precise we consider a Lagrangian 
submanifold £ in T*Q that does not necessarily project over the entire manifold Q as in the case of 
Theorem 13. 1( see Remark 13.21 Let ic '■ £ ~^ T*Q be the canonical immersion, the canonical tangent 
lift of ijc is denoted by Ti £ : T£ -> TT*Q. 

It is also possible to define the canonical lift of \jr to the cotangent bundle, but only on the 
points p q € C. Let (-, •} be the inner product, then the canonical lift of ic to the cotangent bundle, 
T*i £ : T*T*Q ->• T*£, is defined as follows 

(K( Pq MA Pq ),X Pq ) = (A Pq ,T Pq i c (X Pq )), (1) 

for p q G C, A Pq € T£T*Q, X Pq € T Pq £. This notion corresponds to the pull-back of ic induced on 
differential forms. 
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The situation can be summarized in the following diagram: 




Here, the map b is the symplectic musical isomorphism with inverse given by jj : T*T*Q — > TT*Q. 
Moreover note that in the above diagram we have identified C with its image by i£. Now we can 
generalize Theorem 13. II to any Lagrangian submanifold of T*Q. 

Theorem 4.1. Let £ be a Lagrangian submanifold ofT*Q. The following statements are equivalent: 

(i) T*i£ (dH\ c ) = 0, where ic : £ T*Q is the canonical immersion; 

(ii) Im ((diJ)i£j C (T£)°, where (T£)° is the annihilator ofTC; 
(in) lm((X H ) lc ) CT£. 

Proof. Note that condition (i), T*i£ (dH\^) = 0, is equivalent to H\c being constant and it is directly 
equivalent to condition (ii). Now, let fl: T*T*Q — > TT*Q be the symplectic musical isomorphism, 
then the equivalence between (ii) and (Hi) is based on the following equivalence: 

K(dH) { c) C$((T£)°) X H ( Pq ) C (T Pq £) ± = T Pq £ V p q G C, 

where we first have used that (TC)^ = JJ ^(T£) ^ by [18, Proposition 13.2]. Observe that we have 
only used the Lagrangian character of £ in the last step because (Tp q C) ± = T Pq C for every p q G Cm 

Let us rewrite the above theorem in local coordinates. If C is locally given by the independent 
constraints <& l (q,p) = for i = 1, . . . , dimQ, then the condition of being Lagrangian is written as 



0, V i,j 



, dimQ 



dq k dpk dpk dq k 

where { • , • } is the canonical Poisson bracket of functions on T*Q induced by ojq . 
The tangent bundle of C is described locally as follows: 



TC 



(q,p,q,p)eTT*Q &(q,p)=0, 



q 3 + 



(q,p,q,p)eTT*Q <f> i (q,p)=0, Vj 



d Pj 

'~dq3~ 



p j= 



A fc 



d Pj 



where are functions on C 
Moreover, 



(TCf 



d® k d® k 
(q,p,a,P) G T*T*Q &(q,p) = 0, o» = A fc — ft = \ k — 

oq % opi 



The standard case for Lagrangian submanifolds is given by a closed 1-form 7 on Q as mentioned 
in Proposition 12.41 Observe that Theorem 14.11 is an extension of Theorem 13.11 as mentioned in 
Remark 13.21 considering £ = ImdS, where S: Q — > M. Let us define a vector field Xff on Q by 

Xff = Tvtq o X H o dS. 
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Since dS is a diffeomorphism onto its image £ = ImdS, it is equivalent to find the integral curves 
of Xff and to find the integral curves of the vector field Xh\c £ 3£(>C), see [8]. 

Another interesting example of Lagrangian submanifolds is given by a submanifold A4 immersed 
in Q, i_\4 : M )■ Q, and a closed 1-form 7 on M, as follows 

£a4,7 = {M € T*Q I T*i^(^) = 7} = {fl G T*Q I (^(a;),^^^)) = (7a;, v x ) V u x G T^X}, (2) 

where T*Lv< has been defined in ([1]). 

Note that locally, 7 = d/ where / G C°°(M). 

Lemma 4.2. Lei 7 be a closed 1-form on A4. The submanifold Cm^i = {m ^ T*Q | T*Lvj(/x) = 7} 
is a Lagrangian submanifold ofT*Q. 

Proof. It can be proved straightforward by using local coordinates and the closedness of 7. Assume 
that locally i>i(<? a ) = (</ a , ip a (q a )), then 

£A4,7 = { if' <A Ma, Ma) € T*Q | g Q = V Q ((? a ), Ma = 7a - ^Mc 

Obviously dim £m i7 = - dim T*Q. It remains to prove that T*ic M 7 (wq) = 0, that is, 



u Q (Tic^X^), Ti CM jY aq )) = for all X^ q , G T, q C 



5 Applications of time-independent Hamilton-Jacobi theory 

In this section we use those Lagrangian submanifolds defined in (|2|) to obtain some interesting and 
novel applications of Theorem 14.11 in Hamilton-Jacobi theory for the autonomous case. 

5.1 Holonomic dynamics 

Let A be a submanifold of Q and h be a Hamiltonian function on T*N. Take a closed 1-form 7 
on N. Then, we have that L117 is a Lagrangian submanifold of T*N and at the same time we can 
define a Lagrangian submanifold Cn~ of T*Q according to (J2]) which is given by 

£-2V, 7 = {/i£ T*Q I T*i N (/j,) = 7} = {fj, G T*Q | /^^(T^^a;)) = 7a:(^x) V ^ G T^A}, 
where iyv : A <^-> Q is the canonical immersion. The following diagram illustrates the above situation 

R -A- T*A & T *Q £^£ N 



N --N 

Hence we can extend the Hamiltonian h to a hamiltonian H : T^Q — > K just defining if = /ioT*ijv 
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All the elements in Theorem 14.11 for the Lagrangian submanifold Cn,^ are gathered in the follo- 
wing diagram: 




Im dH\ 



-iV,7 



1 L,N,~f 3 



T Cn T*Q „ Tl T*Q 




Proposition 5.1. The standard Hamilton- J acobi equation for holonomic dynamics on N 

"f*dh = 0, that is , h o 7 = constant, 

is equivalent to 



T*i CN AdH) = 0, 



where H : TtQ 



H = h o T*ijy- 



Proof. Let us start from T*i£ JV (d//) = and use the definition of the Hamiltonian function H on 
T^Q. For fj, g G C N ^, 

= T*i £jV7 (diJ(/i 3 )) 

= T*i CNn (d(hoT*i N )( N )) 
= T*i £jVi7 (d(/ l o 7 (g))) 
= T*i^ ( 7 *dM0) , 

where 7r(/i g ) = q € iV. 

Since 7*d/i is 7T7v-basic form, we have 

T*i CNn {l*dh{q)) = j*dh(q) 

and the result follows. ■ 

Hence classical Hamilton- Jacobi equation in Theorem 13.11 for a closed 1-form 7 on a submanifold 
N of Q is recovered as the extended Hamilton- Jacobi for the Lagrangian submanifold £tv j7 of T*Q. 

Locally, 7 = dS where S is a local function on N and <p a are constraints defining implicitly N. 
Let S be an arbitrary extension of S to a neighborhood of Q, we have that 

C Nn = {fie T*Q I /x = dS + A Q d<j6 Q } . 

Therefore, the Hamilton-Jacobi equation T*i£„ (dH) = is equivalent to 

H{dS(q) + X a d(p a (q)) = constant V q € N. 

That is, we have the following system of equations 

/ . dS , 00° \ 

1 cV + cV" ) = constant ' 

0«(g*) = 0. 
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On the other hand, the submanifold N can be locally immersed in Q as follows i^: (q a ) 

(q a ,V a (q a )). Then the constraints <p a become (p a {q) = q a - ^ a (q a ) and T*i^: T^Q T*N is 
locally given by 

/ d$> a 

(q a , Pi ) -»■ Ig°,p a + Pa _ 

Prom here, we have 

flj^faSpi) = F(^d%) + A a d<^(g)) 




— A a 


dq a ' 


Aaj 


d§ 


— A Q 




'dq^ 


9g a 



Aq, 

Thus we obtain the Hamilton- Jacobi equation on N, h o d<S = constant, from the Hamilton- Jacobi 
equation on T*Q as stated in Proposition 15. 11 This approach is useful to understand dynamics on 
general manifolds: first we embed the manifold in an appropriate Puclidean space by the Whitney 
immersion theorem [T3| and then we solve the extended equations to obtain information about the 
solutions on the original manifold. 

5.2 Nonholonomic mechanics 

Consider a mechanical system specified by a regular lagrangian L : TQ — > R and a submanifold 
D of TQ called the constraint submanifold. If the submanifold D is not of the form TN for a 
submanifold N of Q, the constraints are called nonholonomic. We restrict ourselves to the case of 
linear constraints where D is a vector subbundle of TQ. 

The regular Lagrangian defines a vector field Ti, on T*Q by the equation 

ir L w L = dE L , 

where ojl = — dO^ is the Poincare-Cartan 2-form where &l = S*(dL) and El = AL — L is the 
energy of the system. The regularity condition of the Lagrangian L is equivalent to the symplecticity 
of the 2-form ul- Here, A is the Liouville vector field on TQ and the canonical tensor field 5 is 
called the vertical endomorphism. In local natural coordinates (q l ,q l ) on TQ by 

■ d d 
A = q l — S= — ®dq l . 
oq l oq l 

The vector field Tl is a second order vector field (SODE), that is, it verifies S(Tl) = A, but it is 
not in general tangent to D. That is why it is necessary to introduce forces to modify the dynamics 
in such a way that the solutions are integral curves of a vector field tangent to D. Let us assume 
that there is a set of reaction forces, mathematically expressed as a set F C T^TQ. Therefore, the 
equations of the dynamics are now given by 

i Tnh uj L - dE L G F, T nh € X{D) , (3) 

where X(D) is the space of vector fields on D. 

For nonholonomic systems the reaction forces are of "mechanical type" (see [19] ) or, in other 
words, they are given by semibasic 1-forms, that is, S*(fJ,) = for all jjl € F. Therefore, the possible 
solutions of automatically verify the SODE condition, that is, S(T n h) = A. A special choice for 
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the reaction forces is given by Chetaev's condition which can be intrinsically given by F = S*(TD°). 
Under this condition the system is conservative. In other words, the energy El remains constant 
along the motion. From now on, we restrict ourselves to this case. 

Denote by W C TrjTQ the subbundle defined by W° = F. In the sequel, we assume the following 
compatibility condition 

T D (TQ) =TD(BW ± , (4) 

where W 1 - denotes the symplectic orthogonal to W with respect to the symplectic form ul- Observe 
that by construction is contained in the vertical tangent bundle to TQ on D. 

Condition automatically implies the existence of a unique solution T n h of Equations ([3]). 
Now let us assume that the Lagrangian is hyper-regular, that is, the Legendre transformation 
FL : TQ — > T*Q, locally defined by 

is a diffeomorphism. Under this assumption we have an equivalent hamiltonian formulation for the 
nonholonomic mechanics. Then the new ingredients are a hamiltonian H : T*Q — > K defined by 
H = El o (FL) -1 , the constraint submanifold given by C = FL(D) and the vector subbundle F £ 
T C T*Q defined by (FL)*F = F. We also have W = (FL)*W, then the compatibility condition © 
is rewritten as 

T C (T*Q) = TC®W ± , 

where W 1 - as above denotes the symplectic orthogonal to W with respect to the canonical symplectic 
form uiq. Moreover, W 1 - is contained in the vertical tangent bundle to T*Q. Consequently, W 1 - is 
isotropic. Thus, 

w = w n (tc © = (wn rc^j © w L , 

and we conclude that H = W n TC is a symplectic vector bundle on C, that is, 

n © H 1 - = T C T*Q . 

The dynamics on the Hamiltonian formalism is given by the following equations: 

i^UQ -dHe W°, U G TC . 
Moreover, as D is a vector subbundle, it is not hard to prove that 

inh{x) e H x , v x e c . 

In other words, £, n h(x) £ W x for every x £ C. 

Proposition 5.2. Let C be a Lagrangian distribution on the symplectic vector subbundle % on C. 
The following statements are equivalent: 

(i) (dH(y),C y ) = 0, that is, (dH (y) , X (y)) = for every section X of C, 

(a) (Uh)(y) e c y , 

for every y £ C. 

Proof. Since £ C % we have that (dH,C) = is equivalent to wg(£n/i>/') 
= £ y for every y £ C because £ is a Lagrangian distribution where 

/^ = {u G ^|w Q (y,/:) = o}. 



= 0. Therefore ^ nh {y) £ 
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Moreover, we have that Tttq(TL) = D and if 7 is a section of the fiber bundle (ttq)\c ■ C —> Q, 
then T-j(D) £ T~L. Thus, if we define the vector field £1. on Q by 

Ch( X ) = T 7 (x)KQ(tnh(l(x))), 

then we have the following corollary, as a particular case of Proposition 15.21 (See [13^ 116] ) 

Corollary 5.3. IfT'y(D) is a Lagrangian distribution on rl along the points of"f(Q). The following 
statements are equivalent: 

(i) (d(ffo 7 ),fl}=0, 
(ii) £,nh CLnd are ^-related. 

Proof. The proof follows the same lines as Proposition 15.21 ■ 

Observe that if Tj(D) is a Lagrangian distribution along j(Q), then it implies that for all 
v± , V2 €E D we have that 

= lj q (T 7 ( Vi ),T 7 (v 2 )) 
= -(7*d0)(«i,t^) 

= -d( 1 *e)( Vl ,v 2 ) 

= -d7(«i,u 2 ) 

where we have used the fact that 7*$ = 7, see Section [2] for more details. This is precisely the 
condition that appears in previous approaches to Hamilton-Jacobi theory for nonholonomic systems, 
see [13 EH [201 [52]. 

Remark 5.4. If D is completely nonholonomic, that is, the smallest involutive distribution under 
the Lie bracket which contains D is the entire tangent bundle, then the condition (i) in Propo- 
sition 15.21 implies that H o 7 is constant. This last condition is analogous to condition (ii) in 
Theorem 13.11 

6 Generalized time-dependent Hamilton-Jacobi theory 

From now on, we focus on the geometric version of time-dependent Hamilton-Jacobi equation in 
terms of Lagrangian submanifolds. We first state a general Hamilton-Jacobi theorem for a time- 
dependent 1-form and a family of Lagrangian submanifolds of (T*Q,ojq), extending Section U] to 
the non-autonomous case. 

Let at be a time-dependent family of 1-forms on T*Q and Ct be Lagrangian submanifolds of 
(T*Q,u}q), we define the following family of affine distributions on TT*Q fibering over Ct 

S t = ()(^y +T£ t , (5) 

where (J: T*T*Q — > TT*Q is the musical isomorphism. 

With these elements we obtain a more general version of time-dependent Hamilton-Jacobi result 
than the one stated in Theorem 13.31 

Theorem 6.1. Let Ct be a family of Lagrangian submanifolds of (T*Q,uq), at be a family of 1- 
forms on T*Q, (St)tgK be defined as in ([5]) and H be a Hamiltonian function on T*Q. The following 
statements are equivalent: 

(i) T*i£ t (dH — at) = for every t G R, where i£ t : Ct — > T*Q is the canonical immersion, 
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(ii) (dH-a t )\ Ct e(TC t )°, 
(Hi) X H \ Ct G S t . 



Proof. Note that condition (i) is straightforward equivalent to condition (ii) By applying the sharp 



musical isomorphism to (ii) (dff)|£ t — at G (T£ t )°, we have 

Jt((dff-a t )U eit((T£ t )°). 

Equivalently, we have 

ft ((d# - a t ) Pq ) G ft ((T p ,£ t )°) = (r P5 £ t ) x = r P9 A, 
for every p 9 G £ t , because £t is a Lagrangian submanifold. Thus, 

X H \ Ct e^a t \ Ct )+TC t = ^ t 
and this concludes the proof because all the arguments can be reversed. ■ 

Now let us consider the particular case where the family of Lagrangian submanifolds Ct is given 
by a time-dependent family of closed 1-forms on Q. In other words, consider a map 7 : K x Q — > T*Q 
such that 7t : Q — >■ T*Q is a closed 1-form on Q for all t GR. Locally, j(t, q) = 7t(?) = (q l ,^i(t, q)). 

For each t, define the subset £f = Inryt C T*Q. As in the general case at the beginning of 
this section, we cannot only consider the tangent space to Ct as in Section 4 because of the time- 
dependence of the family of sections. That is why we define the following family of affine distributions 
on TT*Q fibering over Ct = Inry^: 

where T7: T(R xQ)^ TT*Q and T 7t : TQ -> TT*Q. Locally, 

St = {(V,^),?^ (*,<?) + <f'0(i,<7)) € TT*Q | V (<?,<?) € TQ 



In other words, 



, . _ dji d ( d dji d \ 



Consider the 1-form at on T*Q defined by 



at = b ( T7 



d_ 

m 

with local expression at(q,~fi(t,q)) = — — — (£, g) dq % . Now we can state the following corollary as a 
particular case of Theorem 16.11 

Corollary 6.2. Let Ct = Inryt C T*Q where 7t is a family of closed 1-forms on Q and (Et)tgR 6e 
defined as in (0). Define the family of vector fields Xj^ G 6y 



TTte following statements are equivalent: 



(1) d( J ffo 7t ) + ^idg i = 0; 



12 



(ii) d(H) lCt -a t e(TC t )°; 
(Hi) X H \ Ct £ £ t ; 

(iv) if c : / — > Q is an integral curve of X]£ , then ji o c : / — > T*Q is an integral curve of Xh- 



Proof, (iii) ^ (iv) Locally, (Xh)]/:, 6 ^ is equivalent to 



<9i? d^i d^fi dH 
dq l dt dqi dpj 



(7) 



along Im 74. To prove (iv) we start with an integral curve c : I — > Q of -X#. If locally c(t) = (q l (t)), 
then 



Now, using ([7]) we have that 



d {jj o c) djj djj dH 

dt dt dqi dpj 

dH 
dq l 

Therefore, 74 o c : / — > T*Q is an integral curve of Xh- The converse can be proved by reversing the 
arguments. 

The remaining equivalences follow straightforward from Theorem 16.11 



Remark 6.3. Note that for a function W: R x Q — > R, we have 

R xQ^Ir(l x Q) 



Then in Corollary 16.21 we have that 



dW 

Ji(t,q)dq l = -Q-{t,q)dq\ 



Thus condition (i) in Corollary 16.21 can be rewritten as 



d ( H o lt - ^- I 



or equivalently 



H[q\ 



dt 



dW\ dW 
+ 



Kit) 



dq l J dt 

where K{t) € R, which is the same condition as the one in (ii) in Theorem [37 



7 Applications of time-dependent Hamilton-Jacobi theory 



Analogously to Section [5] we use here particular time-dependent families of the Lagrangian subman- 
ifolds in ((5|) to develop the novel applications of Theorem 16.11 in non-autonomous Hamilton-Jacobi 
theory. 
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7.1 Holonomic time-dependent dynamics 



Let iV be a submanifold of Q and hbe a Hamiltonian function on T*N. Take 7 : R x N — > T* A/" such 
that {"ft}t£m. i s a family of closed 1-forms jt on 2V. Then, we have that Ct = is a Lagrangian 

submanifold of T*N and at the same time we can define another family of Lagrangian submanifolds 
£.N,"/ t °f T*Q according to ([5]) which is given by 

£N,y t = {A* g t *Q I T*ijv(/x) = 7*} = {/i£ T*Q j ^(^(Tadjv^)) = 7i,x(^) v ^ G ^iV}, 

where in : N ^> Q is the canonical immersion. This situation is summarized in the following 
diagram: 




N,lt 



for every i£f. Hence we can extend the Hamiltonian h to a hamiltonian H : T^Q — > R defined 
by H = h o T*ij\r. 

As described at the beginning of Section [6l the time-dependence in the dynamics forces us to 
introduce a 1-form at on T*N. In order to describe the holonomic time-dependent Hamilton-Jacobi 
equation on the manifold T^Q we must define a family of 1-forms on T^Q obtained from at as 
follows: 

(TL t (» q ),X(n q )) = (at,T„ q (T*i N )X(n q )), (8) 

for all fi q G T* N Q, X(fi q ) G T^ q T* N Q, T^ q (T*i N ) : T, lq T* N Q -+ T q T*N . In fact, n t = T*(T*bv) (a t ) 
because T*(T*i7v): T*(T*N) -> T*{T* N Q). 

Proposition 7.1. Lei at &e a time-dependent family of 1-forms on T*N, standard time- dependent 
Hamilton-Jacobi equation for holonomic dynamics on N 

7 t *d/i — T*i£ t (a<) = 0, that is, hoj t — at\ Ct = constant for every t, 

is equivalent to 

T*i £jVi7f (dtf-n t ) = o, 

where H : T^Q — > R, H = ho T*i^r and Tit is the 1-form on T^Q defined in ((8]). 
Proof For fi q G £#,74 QT^Q, 

= (T*i £jv>7t (diJ-n t ),x / , 8 ) = ((d^-n t ) M9 ,T M8 i £ ^ t x M8 ) 

= ((dffeoTVl-rtTVKat)),,,^^!,,) 

= (d^o^^T^i^X^) - <T*(T*bv) (a t )^,T, q i CNm X, q ) 

= (d(/io 7t ) M9 ,T M9 (vr Q )| £jV7t - ((a*)^ ,T i£ ^ w (TV)T M9 i £ ^ 7t X^} 

= (d(/io 7 *) Mg ,T M? (ttq)^ X^) - {(at)^ ,T 9 i £t T M9 (ttq)^ 

= ((d^o^-T*^^))^,^ (vtq)!^^). 

The above equalities are proved using the same arguments as in the proof of Proposition [ITTJ From 
here the result follows. ■ 

Locally, jt = dWf with W : R x N — > R and <j) a are constraints defining implicitly N . Consider 
an arbitrary extension W of W to a neighborhood of R x Q so that 

C Nrtt = { f ,eT*Q\ f i = dW t + \ t , a dt a } ■ 
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Therefore, the Hamilton- Jacobi equation is rewritten as 

dW 

H{dW{q) + A t , Q #%)) + — = k(t), 

<W) = 0. 



7.2 Nonholonomic time-dependent mechanics 

Having in mind the description of nonholonomic mechanics in Section [5] the time-dependent case 
works as follows. Consider a family of Lagrangian distributions Ct on the symplectic vector sub- 
bundle % on C and a family of 1-forms at on T*Q. Instead of considering the tangent bundle TCt 
we must define the following submanifold of TqT*Q: 

St = tt(«tlc) + T A- (9) 

Proposition 7.2. Let Ct be a family of Lagrangian distributions on the symplectic vector subbundle 
H on C , at be a family of 1-forms on T*Q and (Extern be defined as in @. The following statements 
are equivalent: 



(i) {{AH - a t ) {y), {C t ) y ) = 0, that is, {AH{y),X{y)) = for every section X of C t , 

(a) (U){y) e {^t) y , 

for every y 6 C and for every time t. 

Remark 7.3. As in Subsection 15. 2\ for the time-dependent nonholonomic case it is also necessary 
to adapt the theory developed in Section [6] to the framework of symplectic vector subbundles by 
using Lagrangian distributions instead of Lagrangian submanifolds. 

Now we consider the particular case of Lagrangian distributions on H defined by a family of 
sections jt of the fiber bundle {ttq)\ c ■ C — > Q. These sections satisfy T~/ t {D) € %. For this 
particular case the submanifold T, t in ([9|) becomes 

S ' = T7 (^) +T7 *^- 
If we also define the vector field ££ h on Q by 

Ch( x ) = T 7i W 7r Q(^(7i(2 ; ))) ) 
then we have the following corollary as a particular case of Proposition 17.21 

Corollary 7.4. IfT"ft{D) is a Lagrangian distribution on Ti along the points of r jt{Q)- The following 
statements are equivalent: 

(i) (d{Ho lt ) + ^dq\D\=0, 

(H) CnfclT 7t (D) — ^t, 

(Hi) t^nh and are "it-related. 

Proof. The proof follows the same lines as the ones of Proposition 15.21 and Corollary 16.21 ■ 
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8 Conclusions and future developments 



In this paper we have described a general version of Hamilton-Jacobi equation which allows us 
to consider different examples of mechanical systems such as holonomic, nonholonomic or time- 
dependent systems within the same framework. Our approach is based on the notion of Lagrangian 
submanifolds as a tool to prove a more general version of the Hamilton-Jacobi equation and to give 
special emphasis on applications. In particular, we derive a Hamilton-Jacobi equation for holonomic 
systems in such a way that the associated Lagrange multipliers are provided with a geometrical 
interpretation. Moreover, using the "symplectic approach" to nonholonomic mechanics (see [51 119]) 
we show that our techniques are also adapted to the nonholonomic version of Hamilton-Jacobi 
equation. This result is more general than those known in the literature. Finally, using time- 
dependent families of Lagrangian submanifolds we directly obtain the corresponding versions of the 
time-dependent Hamilton-Jacobi equation. 

One of the main advantages of this paper is the possibility to use the same version of the 
Hamilton-Jacobi equation to deal with very different situations such as time-dependency, presence of 
constraints, etc. Moreover, it is possible to adapt this framework to other cases like Hamilton-Jacobi 
equation for singular Lagrangian systems, reduced systems, systems whose dynamics is described by 
Poisson or almost-Poisson brackets and, even for classical field theories. It is also envisaged that the 
approach in this paper would contribute to get new insights into the study of caustics of Lagrangian 
submanifolds [3j H] . 
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